Gravitational waves (GWs) are produced by colliding particles through the gravitational analogue of electromagnetic bremsstrahlung. We calculate the contribution of free-free emission in the radiation-dominated Universe to the stochastic GW background. We find that the energy density of the resulting GW radiation is heavily dependent on the number of elementary particles, Ntot, and the maximum initial temperature, Tmax. We rule out Ntot NSM for Tmax ∼ T Planck ≈ 10
Introduction. The stochastic gravitational wave (GW) background originates from independent physical processes throughout the history of the Universe [1] . Potential sources include the coalescence of compact binaries [2] [3] [4] , quantum fluctuations during inflation [5] [6] [7] , cosmic strings [8, 9] , first order phase transitions in the early Universe [10, 11] , and other exotic phenomena [12, 13] . Ref. [1] provides a comprehensive review summarizing the sources, current and planned observation methods, and constraints on the stochastic GW background.
The GW background spans a wide range of frequencies. The cosmic microwave background (CMB) anisotropies probe GWs with frequencies f ∼ 10 −20 − 10 −15 Hz [14] [15] [16] ; pulsar timing arrays such as the EPTA, PPTA, and NANOGrav are sensitive at f ∼ 10 −9 − 10 −7 Hz [17] [18] [19] ; ground-based detectors such as LIGO and Virgo at f ∼ 10 1 − 10 3 Hz [1, 20, 21] , and space-based detectors such as LISA will be sensitive at f ∼ 10 −4 −1 Hz [22, 23] . Although less often discussed in the literature, there has been growing interest in building detectors sensitive to f ∼ 10 8 Hz [24] [25] [26] and even higher frequencies [27] . As such, it is instructive to study potential sources of higherfrequency GWs.
Bremsstrahlung radiation from the collision of charged particles [28] is analogous to GWs produced through the gravitational scattering of two particles, a process known as free-free emission. Gravitational free-free emission has been studied classically in the context of, for example, high-speed black hole encounters [29] , massive objects [30] . More recently, the case of free-free emission from collisions of massless particles has been considered as well [31, 32] .
Here, we study the contribution of free-free emission in the radiation-dominated Universe to the stochastic GW background. Conservatively, we ignore other sources of high frequency GWs in the range of 10 10 − 10 15 Hz [33] , such as thermal GWs from stars [34] , the amplification of quantum fluctuations of the gravitational field in the early Universe by inflation [35, 36] , graviton to photon conversion in the presence of large scale magnetic fields [37] , thermalized photons converting into gravitons in the presence of strong primordial magnetic fields [38] , primordial black hole evaporation [39] , and black hole mergers in the early Universe [40] .
In the case of cosmological inflation [41] [42] [43] , data from the Planck satellite [44] and BICEP2/Keck [45] provide constraints on the tensor-to-scalar ratio, r, which, together with the amplitude of the power spectrum of the primordial scalar perturbations, A s , can be translated to an upper bound on the energy scale of the inflationary potential when the pivot scale exits the Hubble radius, V * < (1.6 × 10
16 GeV) 4 . The resultant energy density of a thermal bath of massless particles after reheating can be expressed as V * = g * (T )T 4 π 2 /30, where g * (T ) is the total number of effectively massless degrees of freedom and T is the temperature of the thermal bath. With g * (T max ) ≈ 100 [46] , we can constrain the maximum post-reheating temperature of the radiation-dominated Universe, T max 10
16 GeV. Here, we derive equivalent constraints on T max for alternatives to inflation. As an example, in bouncing cosmologies the universe began in a contracting phase, experienced a bounce, and eventually entered the radiation-dominated phase of Big Bang cosmology [47] . In these models, T max during the bounce can be near the Planck scale [48] , T Planck ≈ 10
19 GeV. We assume for simplicity the standard cosmological history of a single matter-dominated phase following the radiationdominated epoch and ignore more complicated alternatives [49] .
Free-free GW emission. We define the present-day GW energy density per logarithmic frequency interval relative to the closure density of the universe as
where ρ GW is the energy density of the radiation and ρ c arXiv:2004.02895v1 [astro-ph.CO] 6 Apr 2020 the critical density,
where H 0 is the Hubble constant today, G Newton's constant, and c the speed of light. Throughout our work, we adopt h = H 0 /(100 km s −1 Mpc −1 ) = 0.7 [15, 50] . The observed energy density of the GWs per logarithmic frequency interval is,
where Γ is the collision frequency per proper volume, E GW is the GW energy, t is cosmic time, and z is redshift. The factor (1 + z) −3 normalizes to comoving volume, an additional factor (1 + z) −1 accounts for the redshifting of the energy [51] , and H(z) is the Hubble parameter. Transforming dE GW /d lnf to the source rest frame with
from which we get,
The collision frequency per proper volume is, Γ = n 1 n 2 σc, with n 1 , n 2 being the number densities and σ the interaction cross section. For massless gauge-boson exchanges [46] ,
with α being the gauge coupling constant, the reduced Planck constant, k B the Boltzmann constant, and T the temperature of the cosmic plasma. For collisions of photons, the number densities are
allowing us to write the collision frequency per proper volume as,
Ref. [31] calculated classical gravitational free-free emission from the gravitational scattering of two massless particles at leading order in the center of mass deflection angle θ 1. Under the approximation that the characteristic scale of the angular frequency ω is c 5 /GE,
with ω r = 2πf r = 2πf (1 + z) being the source frame angular frequency. This result holds in the range c/b < ω r < c 5 /GE, with b the impact parameter. However, energy conservation imposes a stricter upper bound of ω r 3k B T / , the average total energy of an extreme relativistic gas. We note that the aforementioned assump- 32] , where E = k B T = k B T 0 (1+z), with T 0 = 2.725 K being the presentday CMB temperature. With these parameters, we can use Eqs. (8) and (9) to integrate Eq. (5) from present time, z = 0, to the end of inflation, z max ∼ T max /T 0 . This ignores the modest (order unity) heating of the CMB but not of the GW background by annihilations (similar to e + e − heating of the CMB relative to the neutrino background).
We only calculated Ω GW (f ) for the case of photon collisions. However, near the Planck scale we ignore order unity corrections that distinguish other types of particles from photons. Instead, we multiply the expression for Ω GW (f ) in Eq. (5) by the number of elementary particles. Most of the contribution to Ω GW (f ) comes from z ∼ z max ∼ T max /T 0 .
In deriving our results we focus on two ways that the contribution of free-free emission to the stochastic GW background can be enhanced: (i) through the number of elementary particles, which can constrain physics beyond the Standard Model, and (ii) through the proximity of T max to T Planck . In our results, we express the temperature relative to the Planck scale,
19 GeV. Constraints on free-free GW emission. Big Bang Nucleosynthesis (BBN) and the CMB can be used to set upper bounds on the total energy density of a cosmological GW background [52] ,
The GW background acts as an additional component of the radiation field in the Hubble expansion rate,
where Ω rad , Ω m , and Ω Λ are contributions of the standard radiation (CMB + neutrino background), matter, and the cosmological constant, respectively. BBN and the CMB probe the cosmic energy budget and constrain Ω GW . The change in the radiation energy density, ρ rad , is then ∆ρ rad ≡ (ρ rad − ρ c Ω rad ). This can be expressed in terms of ∆N ν extra neutrino species,
By requiring ρ GW ≤ ∆ρ rad , we get,
with N eff the effective number of neutrino species present in the thermal bath after e + e − annihilation. Assuming GWs with homogeneous initial conditions, the Planck satellite and other cosmological data constrain Ω GW 4 × 10 −7 [52] . Results. To gauge the contribution to Ω GW per logarithmic redshift interval, we examine
Assuming
2 in the radiation dominated era and defining the following constants,
we can write Eq. (14) as
Numerically, we find that Eq. (14) is well-described by a power law,
with β ≈ 4.75 over the observed frequency range. It is evident that the highest values of z dominate the contribution to Ω GW (f ). Hence, one can simply examine the dependence of Ω GW on T max . Figure 1 shows log 10 Ω GW as a function of the total number of elementary particles divided by the number of elementary particles in the Standard Model, N tot /N SM , where N SM = 17, and as a function of the maximum temperature of the Universe normalized by the Planck temperature, T max /T Planck . The solid diagonal line is the upper limit given by Eq. (13); the region above and to its right is ruled out from cosmological data. The dashed diagonal line in Fig. 1 is the solid line extrapolated to higher tem-peratures, where the assumption that ω ∼ c 5 /GE, used in deriving Eq. (9), is no longer valid. As either N tot or T max increases, the energy density of the radiation increases. For T max near T Planck ∼ 10
19 GeV, the cosmological constraint rules out particle physics models that predict N tot ∼ N SM . Figure 2 shows the ratio of GW to the radiation energy density, Ω GW (f )/Ω rad , versus observed GW frequency. Each band in Fig. 2 represents a different value of T max , which we vary from 10 −4 T Planck ∼ 10 15 GeV to T Planck ∼ 10
19 GeV. The lower boundary of each band is for N tot = N SM and the upper boundary is for N tot = 10 × N SM .
There is a thermal cutoff near an observed frequency of f ∼ 10 12 Hz, which is similar to the frequency cutoff of the CMB. The lower boundary on f originates from the smallest possible value of the impact parameter b min for classical free-free emission. Over this frequency range, Ω GW (f ) varies weakly as a function of f , but varies strongly as a function of N tot or T max . Discussion. We find that the energy density of the GW background from free-free emission in the early Universe can be used to rule out N tot N SM for T max ∼ 10
19
GeV. If we assume a higher-dimensional Planck scale such as M 4+n ∼ 10 3 GeV, near the lower bound imposed from astrophysics and cosmology [53] [54] [55] [56] , about 10 10 Kaluza-Klein (KK) states could easily be accessed even for n as low as one [57, 58] . From a four-dimensional point of view, these KK excitations are distinct particles, meaning this extra number of particles could easily arise from theories that predict ten, eleven, or more dimensions [59] [60] [61] .
However, we caution that our work concerns energy scales at which four-dimensional effective field theories may no longer be accurate [62] . An intrinsically higherdimensional description of free-free GW emission might be necessary. We also note that in theories with a large number N of particle species, it has been pointed out that black hole physics imposes an upper bound on the energy at which these theories are valid, T ∼ M Planck / √ N [63] . The upper bounds we place on N tot as a function of T max lie beyond this energy limit for T max 10 18 GeV.
